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Criticality in a Hadron Resonance Gas model with the van der Waals interaction
Subhasis Samanta∗ and Bedangadas Mohanty†
School of Physical Sciences, National Institute of Science Education and Research, HBNI, Jatni - 752050, India
The van der Waals interaction is implemented in a Hadron Resonance Gas model. It is shown that this model
can describe Lattice QCD data of different thermodynamical quantities satisfactorily with the van der Waals
parameters a = 1250±150 MeV fm3 and r = 0.7±0.05 fm. Further, a liquid-gas phase transition is observed
in this model with the critical point at temperature, T = 62.1 MeV and baryon chemical potential, µB = 708
MeV.
PACS numbers: 25.75.-q, 25.75.Nq, 12.38.Mh, 24.10.Pa
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I. INTRODUCTION
Lattice quantum chromo dynamics (LQCD) [1–5] provides
a first principle approach to study strongly interacting mat-
ter at zero chemical potential (µB) and finite temperature (T ).
LQCD calculations indicate a smooth cross over transition [1]
from hadronic to a quark-gluon plasma (QGP) phase at zero
baryon chemical potential and finite temperature [6]. On the
other hand, at high baryon chemical potential and low temper-
ature the nuclear matter is expected to have a first-order phase
transition [7] which ends at a critical point, a second-order
phase transition point as one moves towards the high temper-
ature and low baryon chemical potential region, in the QCD
phase diagram [8, 9]. At present, the properties of QCDmatter
at high temperature and small baryon chemical potential are
being investigated using ultra relativistic heavy ion collisions
at the Large Hadron Collider (LHC), CERN and Relativistic
Heavy Ion Collider (RHIC), Brookhaven National Laboratory
(BNL). The Beam Energy Scan (BES) program of RHIC [10]
is currently investigating the location of the critical point [11].
The HADES experiment at GSI, Darmstadt is investigating a
medium with very large baryon chemical potential [12]. In
future, the Compressed Baryonic Matter (CBM) experiment
[13] at the Facility for Antiproton and Ion Research (FAIR)
at GSI and the Nuclotron-based Ion Collider fAcility (NICA)
[14] at JINR, Dubna will also study nuclear matter at large
baryon chemical potential.
The ideal or non-interactingHadron Resonance Gas (HRG)
model is quite successful in reproducing the zero chemical
potential LQCD data of bulk properties of the QCD matter
at low temperatures T < 150 MeV [3–5, 15, 16]. However,
disagreement between LQCD data and ideal HRG model cal-
culations have been observed at higher temperatures. Con-
sidering excluded volume correction, which mimics repulsive
interaction, in HRG model, one can improve the picture in the
crossover temperature region T ∼ 140-190 MeV [17, 18]. In
the Excluded Volume HRG (EVHRG) model [17–33], effects
of Van der Waals type hadronic repulsions at short distances
are introduced but long distance repulsive interactions are ig-
nored. Recently Van der Waals (VDW) type interaction with
∗Electronic address: subhasis.samant@gmail.com
†Electronic address: bedanga@niser.ac.in
both attractive and repulsive parts have been introduced in
HRG model [34–38]. Interestingly VDWHRG model shows
first order liquid-gas phase transition in nuclear matter at large
chemical potentials and small temperatures which was not ob-
served in other HRG models like ideal HRG or EVHRG mod-
els. The liquid-gas phase transition in nuclear matter was also
predicted in Refs. [39–41] and observed in experiment as well
[42]. In the Ref. [35] the VDW parameters a and b have been
fixed by reproducing the saturation density n0 = 0.16 fm
3 and
binding energy E/N = 16 MeV of the ground state of nuclear
matter. The nuclear matter shows the critical point [35] at
T = 19.7 GeV and µB = 908 MeV. Latter it has been shown
that using same interaction parameters a and b as for nuclear
matter, for all the baryons in VDWHRG model LQCD data
can be described qualitatively [38] in the cross over region.
The motivation of the present work is to carry out the reverse
prescription, that is to find out van der Waals parameters a
and b that gives the best description of LQCD data at zero
chemical potential using VDWHRG model and then extend
this work to the finite chemical potential and try to locate the
existence of a critical point in the QCD phase diagram.
The paper is organized as follows. In the Sec. II we de-
scribe the ideal HRG as well as VDWHRG model. In Sec.III
we present our results. Finally in the Sec. IV we summarize
our findings for this work.
II. MODEL DESCRIPTION
There are varieties of HRG models which exis in the litera-
ture. Different versions of this model and some of the recent
works using these models may be found in Refs. [17–38, 43–
74]. Some of the HRG models are non-interacting and some
of them consider interaction among the particles. Next we will
briefly discuss the non-interacting HRG model and the HRG
model with van der Waals type interaction.
In the ideal HRG model, the thermal system consists of
non-interacting point like hadrons and resonances. The log-
arithm of the partition function of a hadron resonance gas in
the grand canonical ensemble can be written as
lnZid = ∑
i
lnZidi , (1)
where the sum is over all the hadrons and resonances. id refers
to ideal i.e., non-interacting HRG model. For particle species
2i,
lnZidi =±
V gi
2pi2
∫ ∞
0
p2 d p ln[1± exp(−(Ei− µi)/T )], (2)
whereV is the volume of the thermal system, g is the degener-
acy, E =
√
p2+m2 is the single particle energy,m is the mass
of the particle and µi = BiµB + SiµS +QiµQ is the chemical
potential. In the last expression, Bi,Si,Qi are respectively the
baryon number, strangeness and electric charge of the particle,
µ ,s are the corresponding chemical potentials. The upper and
lower sign of ± corresponds to fermions and bosons, respec-
tively. We have incorporated all the hadrons and resonances
listed in the particle data book up to a mass of 3 GeV [75]. The
pressure pid , the energy density ε id and the number density nid
of the thermal system are given by the following equations,
pid = ∑
i
(±)
giT
2pi2
∫ ∞
0
p2 d p ln[1± exp(−(Ei− µi)/T )], (3)
ε id = ∑
i
gi
2pi2
∫ ∞
0
p2 d p
exp[(Ei− µi)/T ]± 1
Ei, (4)
nid = ∑
i
gi
2pi2
∫ ∞
o
p2d p
exp[(Ei− µi)/T ± 1
. (5)
Once we know the partition function or the pressure of the
system we can calculate other thermodynamic quantities.
The van der Waals equation in the canonical ensemble is
given by [76] (
p+
(
N
V
)2
a
)
(V −Nb) = NT, (6)
where p is the pressure of the system,V is the volume, T is the
temperature, N is the number of particles and a,b (both posi-
tive) are the van der Waals parameters. The parameters a and
b describe the attractive and repulsive interaction respectively.
The Eq. 6 can be written as
p(T,n) =
NT
V − bN
− a
(
N
V
)2
≡
nT
1− bn
− an2, (7)
where n ≡ N/V is the number density of particles. The
first term in the right hand side of the Eq. 7 corresponds
to the excluded volume correction where the system volume
is replaced by the available volume Vav = V − bN, where
b= 16
3
pir3 is the proper volume of particles with r being corre-
sponding hard sphere radius of the particle. The second term
in Eq. 7 corresponds to the attractive interaction between par-
ticles. The importance of van der Waals equation is that this
analytical model can describe first order liquid-gas phase tran-
sition of a real gas which ends at the critical point. Such a
feature is also an expectation for the QCD phase diagram.
The van der Waals equation of state in the Grand canonical
ensemble can be written as [34, 35]
p(T,µ) = pid(T,µ∗)−an2, µ∗= µ−bp(T,µ)−abn2+2an,
(8)
where n ≡ n(T,µ) is the particle number density of the van
der Waals gas:
n≡ n(T,µ)≡
(
∂ p
∂ µ
)
T
=
nid(T,µ∗)
1+ bnid(T,µ∗)
. (9)
The entropy density (s) for van der Waals gas can be written
as
s(T,µ)≡
(
∂ p
∂T
)
µ
=
sid(T,µ∗)
1+ bnid(T,µ∗)
. (10)
Further, the energy density can be calculated as
ε(T,µ) = Ts+ µn− p, (11)
and is given by
ε(T,µ) =
ε id(T,µ∗)
1+ bnid(T,µ∗)
− an2. (12)
For a single component nuclear matter (g = 4,m = 938 MeV)
the values of van der Waals parameters were obtained as a =
329 MeV fm3 and b = 3.42 fm3 (r = 0.59 fm) [35] from the
properties of the ground state of the nuclear matter.
For a hadronic system, we assume that interaction exist be-
tween all pair of baryons and all pair of antibaryons. We ig-
nore the interaction for mesons in order to avoid divergence
of their number densities when modified chemical potentials
become close to the masses of the particles. The baryon-
antibaryon interaction is also ignored because the short range
repulsive interaction between baryon and antibaryon may be
dominated by the annihilation processes [17]. These are the
limitations of the current model and leaves the scope for fur-
ther improvement in future. Hence the pressure of VDWHRG
model can be written as [38]
p(T,µ) = pM(T,µ)+ pB(T,µ)+ pB¯(T,µ), (13)
with
pM(T,µ) = ∑
k∈M
pidk (T,µk), (14)
pB(T,µ) = ∑
k∈B
pidk (T,µ
B∗
k )− an
2
B, (15)
and
pB¯(T,µ) = ∑
k∈B¯
pidk (T,µ
B¯∗
k )− an
2
B¯
, (16)
where M,B, B¯ stand for mesons, baryons and antibaryons re-
spectively. The modified chemical potential for baryons and
antibaryons are given by
µ
B(B¯)∗
k = µk− bpB(B¯)− abn
2
B(B¯)+ 2anB(B¯), (17)
3where nB and nB¯ are particle number densities of baryons and
antibaryons respectively. Once we know the pressure of the
system, we can calculate different thermodynamic quantities.
The derivative of pB(B¯) with respect to the baryon chemical
potential will give us the corresponding number densities:
nB(B¯) =
∑k∈B(B¯) n
id
k (T,µ
B(B¯)∗
k )
1+ b∑k∈B(B¯) n
id
k (T,µ
B(B¯)∗
k )
. (18)
From pressure, we can calculate entropy density, energy den-
sity using the Eqs. 10 - 11. Further one can calculate specific
heat at constant volume as
CV =
(
∂ε
∂T
)
V
(19)
and the susceptibilities of conserved charges as
χ
xyz
BSQ =
∂ x+y+z(p/T 4)
∂ (µB/T )x∂ (µS/T )y∂ (µQ/T )z
. (20)
In the VDWHRG model if we put a = 0 and b = 0 we will
get the results of the ideal HRG model. While with a = 0 in
VDWHRG model it corresponds to Excluded Volume HRG
(EVHRG) model [17–32], where only repulsive interaction
is included. Both ideal HRG model and EVHRG model do
not show any kind of phase transition. Still these models are
quite successful in describing LQCD data of the bulk proper-
ties of hadronic matter in thermal and chemical equilibrium
[3–5, 15–18, 60, 61]. This model is also successful in de-
scribing the ratios of hadron yields, at chemical freeze-out,
created in central heavy ion collisions from SIS up to LHC
energies [43, 44, 56–58, 62–64]. The heavy ion collisions at
RHIC and LHC have established quark-hadron phase transi-
tion.
III. RESULTS
In order to extract the van der Waals parameters a and r (or
b) in VDWHRG model that best describe the LQCD data at
µB = 0, we use χ
2 minimization technique where χ2 is de-
fined as
χ2 =
1
N
∑
i, j
(RLQCDi, j (Tj)−R
model
i, j (Tj))
2
(∆LQCDi, j (Tj))
2
, (21)
where Rmodeli, j (Tj) is the ith observable with R
LQCD
i, j (Tj) and
∆LQCDi, j (Tj) are its values and errors respectively at jth tem-
perature calculated in LQCD, N is the number of LQCD data
points. Here, we assume that van der Waals parameters a
and r are independent of temperature and chemical potential.
Errors on the parameters are obtained by knowing their val-
ues at χ2min + 1. In this work we use latest continuum limit
LQCD data [2, 16] of p/T 4,ε/T 4,s/T 3,CV /T
3 and χ2B at
µ = 0 within the temperature range 130− 180 MeV to calcu-
late χ2 using Eq. 21. We assume that HRG model is valid
up to T = 180 MeV because the transition at µB = 0 is a
crossover. Hence thermodynamic observables do not exhibit
sharp changes. LQCD results of quantities like p/T 4,ε/T 4
and s/T 3 have the smooth crossover at temperature range up
to 180 MeV [5]. Depending on the choice of order parameter
the QCD crossover temperature (Tc) has a range of from 155
MeV to 175 MeV. For example LQCD calculation with chiral
condensate gives Tc = 155MeV [77]. However if one chooses
strange quark number susceptibility the Tc ∼ 170 MeV [78].
Typical error including systematics and due to the choice of
order parameter on is Tc ∼ 20 MeV. Lowest temperature is
taken as T = 130 MeV since the LQCD data of suscepti-
bilities are not available below T = 130 MeV in Ref. [16].
The best fit in terms of χ2 is achieved for parameter values of
a = 1250± 150 MeV fm3 and r = 0.7± 0.05 fm. Relatively
smaller parameter values, a = 329 MeV fm3 and r = 0.59 fm,
were obtained by [35]. With these parameters only a qualita-
tive description of LQCD data at µ = 0 is possible [38] which
we have already stated. In some previous works hardcore ra-
dius has been estimated in the EVHRG model. In Ref. [22]
hardcore radii of pion and other hadronswere obtained as 0.62
fm and 0.8 fm respectively by fitting the experimental data of
hadronic ratios at AGS and SPS energies. While the value of
the hardcore radius was estimated as 0.3 fm in the Ref [56] us-
ing the experimental data of hadronic ratios at SPS energies.
Also in Refs. [17, 18] it was shown that the LQCD data of dif-
ferent thermodynamic quantities can be described in EVHRG
model with the radius parameter between 0.2− 0.3 fm. Our
present estimate of radius parameter is comparable to that of
Ref. [22]. However, it should be noted that in all those works
[17, 18, 22, 56] only repulsive interaction was considered for
all mesons and baryons and there was no attractive interac-
tion. To check the sensitivity of value of the parameters on
the temperature range we have refitted the LQCD data up to
T = 165 MeV (typical chemical freeze-out temperature from
RHIC top energy) and found the new a value to be 1210 MeV
fm3 which is within the uncertainty of the a value obtained by
fitting up to T = 180 MeV, i.e., 1250 MeV fm3± 150 MeV
fm3. There is no change in the value of r parameter.
Figure 1 shows variation of p/T 4,ε/T 4, (ε−3p)/T4, c2s =
∂ p/∂ε , s/T 3,CV /T
3 and χ2B with temperature at µ = 0. Blue
lines show the results of VDWHRG model using the param-
eters a = 1250 MeV fm3 and r = 0.7 fm. The bands are due
to the errors on the parameters a and r. Results of ideal HRG
model along with the LQCD data of the Wuppertal-Budapest
(WB) Collaboration [2] and the Hot QCD Collaboration [3]
are also shown in this figure. Our estimations of all these ob-
servables in the VDWHRGmodel are in good agreement with
LQCD calculations in the temperature range studied. Com-
pared to ideal HRG model, improvement of the results in
VDWHRG model is observed which indicates the interact-
ing nature of baryons especially at high temperature region.
Among all these observables, behavior of c2s is most interest-
ing in VDWHRG model. The c2s is a quantity that is sensitive
to the phase transition effect. While in ideal HRG model c2s
decreases with increasing temperature, in VDWHRG model
it shows a minimum near T = 150 MeV which is consistent
with the LQCD data. The minimum of the c2s is known as the
softest point where the expansion of the system slows down.
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FIG. 1: (Color online) The variation of different thermodynamical quantities with the temperature at µ = 0. Blue lines show the results of
VDWHRG model using the parameters a = 1250 MeV fm3 and r = 0.7 fm. Blue bands are due to the errors on the van der Waals parameters
in the VDWHRG model. The continuum extrapolated LQCD data are taken from Refs. [2] (WB) and [3] (HotQCD).
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FIG. 2: (Color online) The variation of second order fluctuations of conserved charges with the temperature at zero chemical potential. Blue
lines show the results of VDWHRG model using the parameters a = 1250 MeV fm3 and r = 0.7 fm. Blue bands are due to the errors on the
van der Waals parameters in the VDWHRG model. The LQCD data are taken from Refs. [5, 16].
As a result the system spends a longer time in this temper-
ature range which may be a crucial indicator of the quark-
hadron transition of the system observed in heavy ion colli-
sions [3, 79].
In Fig. 2 temperature dependence of second order fluctu-
ations of different conserved charges at zero chemical poten-
tial have been shown. One can see that the qualitative be-
haviors of all these fluctuations in VDWHRG model are sim-
ilar to the LQCD data at high temperature which are differ-
ent from ideal HRG model where all the quantities increase
rapidly with increasing temperature. Not only that, the χ2B and
χ2S obtained from the VDWHRG model match quantitatively
with the LQCD data. However, for χ2Q, which is dominated
by the non-interacting mesons, hence VDWHRG model over-
estimates the LQCD data.
Figure 3 shows correlations among conserved charges.
Magnitudes of the χ11BS and χ
11
QS increase with increasing tem-
perature and at a very high temperature they are expected to
reach at 1/3, the value at Stefan-Boltzmann limit. χ11BS and χ
11
QS
calculated in VDWHRG model are close to the LQCD data in
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FIG. 3: (Color online) The variation of correlations between conserved charges with the temperature at zero chemical potential. Blue lines
show the results of VDWHRG model using the parameters a = 1250 MeV fm3 and r = 0.7 fm. Blue bands are due to the errors on the van der
Waals parameters in the VDWHRG model. The LQCD data are taken from Refs. [5, 16].
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density of the hadronic medium at different temperature. The black
dot indicates the critical point.
the temperature range studied. On the other hand, the LQCD
data of χ11BQ shows a hump around T = 170 MeV which indi-
cate the crossover transition in this region. Almost a similar
qualitative behavior is observed for χ11BQ in VDWHRG model
as well although the model values overestimate the LQCD
data.
The HRG model does not have QGP phase but with attrac-
tive and repulsive interaction for baryons VDWHRG model
explains LQCD data which have QGP phase. So if interac-
tions are the sole driving force behind the physics of phase
transitions one expects a similar phase transition effect in VD-
WHRG model. Figure 4 shows variation of pressure with
number density at a fixed temperature in VDWHRG model.
The parameters a and r are fixed from the best fit values of
the VDWHRG model to LQCD data at µB = 0. For simplic-
ity, we assume nature of the interaction is similar to both non
zero and zero µB regions of the phase diagram. We observe
the value of critical temperature to be T = 62.1 MeV. Below
this temperature the number density changes discontinuously
which resembles a hadron-liquid first order phase transition.
The picture will be more clear in Fig. 5, where we show vari-
ations of (∂ p/∂n)T with respect to µB and n respectively. One
can see that at T = 62.1 MeV and µB = 708 MeV, (∂ p/∂n)
becomes zero and above T = 62.1 MeV, (∂ p/∂n) is always
greater than zero. Since we have used van der Waals inter-
action it is expected that the phase transition which we ob-
served is a liquid-gas phase transition and the critical point
(T = 62.1+25.4
−19.1 MeV, µB = 708
+90
−146 MeV) so obtained is that
of a liquid-gas transition. Errors on the critical point is due
to the uncertainties on the parameters a and r. A similar re-
sult of critical point with T = 89 MeV and µB = 724 MeV
is also obtained by using the holographic gauge/gravity corre-
spondence to map baryon number fluctuations in QCD to the
charge fluctuations of holographic black holes [80].
In the Fig. 6 we have plotted a collection of (T,µB) points
to make a comparison of (i) liquid-gas CP from our present
analysis (ii) CP from LQCD (iii) chemical freeze-out param-
eters from heavy ion collision experiments. Blue circular
point in Fig. 6 shows the critical point (T = 62.1+25.4
−19.1 MeV,
µB = 708
+90
−146 MeV) of the liquid-gas transition as estimated
within the current model calculations in the QCD phase di-
agram. Critical points calculated in lattice [81, 82] and the
chemical freeze-out parameters obtained by different groups
[63, 83] at various energies are also shown in this plot.
IV. SUMMARY
To summarize, we have used LQCD data of
p/T 4,ε/T 4,s/T 3,CV /T
3 and χ2B at µ = 0 to extract the
van der Waals parameters in the VDWHRG model. We
assume that baryons are interacting whereas mesons are
non-interacting. We get a = 1250 ± 150 MeV fm3 and
r = 0.7 ± 0.05 fm in our present work which best de-
scribes the LQCD data at µ = 0 within the temperature
range 130− 180 MeV. The values of the VDWHRG model
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FIG. 5: (Color online) Variations of (∂ p/∂n)T with respect to µB
and n respectively.
parameters are obtained using a chi-square minimization
procedure. With these parameters which explains the QCD
matter simulated by lattice, we observe a phase transition in
VDWHRG model at large potential with a critical point in
the (T,µB) phase diagram at T = 62.1 MeV and µB = 708
MeV. Our result of critical point is comparable with that of
Ref. [80] where the critical point is obtained by using the
holographic gauge/gravity correspondence to map baryon
number fluctuations in QCD to the charge fluctuations of
holographic black holes. Several improvements in the future
can be carried out to our present idea and work. One of them
includes incorporating the mesonic interaction of the system.
Another is to incorporate other missing resonances in the
hadronic spectrum [84].
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